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Abstract
This rcliort _z.ilumari_.l.s res(';ir('h c,).,l.(lc(l ,iiirhlg Ihc liiL_t Ihre.c all(i a half
years aiiill:d al. (h'vchtlihig aild ll_,_l hil_ ;i l iii'lliill:ii(:l:tlrlili_iliilli lii()lll:l alilllical)l,_
to hil_li-slieell liirhulcnL |low,_, 'rhl. Iir,_l Iwci year._ of lira project fOCll_ic(l Oil
i'lill)' l ilrhiill:ni II.w_, wkih: i_llillli;L4is .qliti_.ii IlJ l)oiiullary-laycr dcvclopnielil, hi
llu_ irltii_il.ion rct_ion (liirilit_ Ihe iilial ycar alili ii tlalf. This rep(irL hi('hides it
hri_f Slllnlnary of re.seltrrli arrinillili._licd (hil'hil_ lhc Iir._i, Ihre+e, y0ars ali(i c.ii_
lliibliealiolis thai. dc_erihc rt_(';,r('l_ n,._iills iii llrcalcr (l_lail. The lnaili body
olr this report _illninarilcS l'lJ_l_;.lr('h ¢Oillhi('lcd diirilill Ilie filial six nionth_ of
llil_ |ll:i'i()d ol" |ll:ifUrlilliliCt_. 'l'lil: llriliiiil') • rc._lill,_ (if llii: la_l _ix illOlilii:t of Llii_
IJrOjcci arc I.'lililhiilLiOli ill" Lhc /_'-i,.' liiudrr._ _Cil_iLivi[)' to i|u: lrrtsl_tl(:Uill VliiUU u[
h) illid _lcVl:iiIpiii_lil, o1" a nlcthod for Irill_crhil_ Lraii_ilioil at a ._p_.eilicd lucatiuu,
hidclil_ii<liJliL i_l|' tilt: _ri:lslil.ll:illli Liirlliih:lii-l, h_w,I.
Chapter 1
Introduction
The purl)o.'_, of this research pr(_.i,'ct for Ih,' |);i._t thrc,_ and a half y,.ars ha.._h,.en
to develop analytical and computational tools s.ilahh, for prediclin K l)roperties
of hypersonic flows, including both lurl,u!ciH ;,.I transilio,al lh)w r,,git,l(,s. Our
r(mearch elh)rts |,ave g.nerated a tot al o1"eight I)uhlications, i.rhl(li.g this fi.al
report. The previous publications arc a.u fidh,ws.
1. Wilcox. I). ('., "llyl.,rsonic 'l'.rl,.h',,<'_' Modcli.g Withoul the Epsilon
Equation," 7 t_ National Aero-Sl)ar,' I'lal.' T_'chnoiogy Symposiutu, Ses-
sion VII, Paper No. 27 (Octoh,.r 1989).
2. Wilcox, !). (_., "h Ilalt" (_e,dury Ilistorical l{,'vicw of the k-_ Model,"
h ! h A Paper !)1-I)6 ! 5 (.) amlary 1991 ).
3. Wilcox, I). ('.., "Tl.'_)r('lical _l.dy ,,f 'ILHrhHI('tH Mixing lh.lwc_'n Ilyper-
sonic Streams," I)('W Imb,strif's I{,.por! N_. I)(',W-IV3,_ 01 (May 1991).
4. Wilcox, !). (',., "Progr_,ss in Ilyi-'rs..ic Turhule.ce Modeli.g," AIA A l'a-
per 91-1785 (.hme 1991).
5. Wilcox, I). (._., "l'rc)grcss itJ I)_,w'h,l,i.g, ;l *l'r;m_ili(.i l_h.h,I GJr Iligll-_l..(,d
Flows," I)C.W b,dustri[,s l(_,l,ort N_). I)('W-!{-35-02 (OctolJvr 1992).
6. Wih'c_x, I). (!., "'rl.. I(,.,.arkahh. AI,ilit) ,,F*l'.,-h.h,,.._, khHl,.l I",quaLioll.,-; Io
l)cscrih_, 'l'raHsili(m," I,'i[th ,_,'y.q,,,._lrz.i ., N.m, ri_al a.d I'hy._ictd .,I._1._I._
oJ Arwvdy.am i, !"1ow,_,( !aliG,ruia .c;!at,. I I.i_.,,r_ity, I.ong Ih,a_-h, ( _ailfornia
(13-15 January 1!)92) _a_:(:Vl)t('d F,)r i)ul,lh'ali()n ill the AIAA J(,urnal].
7. Wii¢ox, I). (',., "l)ilatalion I)i_Sil,ali,_,_('()rr,._'t.i()_zs h)r Advan(-_.d 'l_lrl.,-
lence M(.lels," AIAA ,/our_.l, \,',,I. 3(), N,). II, pp. 263(,)-2(;46 (November
1992).
oRIGINAL pAGE t$
OF poOR QUALITY
i'ublh:aiioll_ l, 3, 4 aild 7 d,'M priolariiy witll fully-turbuiciit, liigh-bpeed
Iiow_, mid reprc_ellt ru_eardl rc_ult_ I'lJr thu lir_t two year_ of the i)ro]ecL. ()lie
of the primary a¢('omt)linhllle.l,_ wa._ di_('ovi,ry that ._et_aratilig ili_aipation iuto
_oleuioidal and dilatatioll coiitribuliolis iliiprow'._ predictive accuracy for the
cOnillre,_ilde mixing layer at tile expeil._e of a Io.._ ill predictive accuracy for
bouild_ry layers. We identiti_'d Ih,. calls,' of thi._ probh,m alld Imntulated a
dilatatioil-di_ip_tioli corrt:ctioll Ilild i_ accurah; for Ihl: lllixiiig laytir _l.I the
boundary layer. A _ecolid acl:o,lq_li_il_ll_'llt w_,-._idciitilicaliou Ih_t tile k-_ moch:l
faithfully reprodul:c_ the colllpr_',_ildc law .f th,' wMl for hi&h-._l)ecd liow_ while
the k'-i model dot-_ not. l>crilap,_ all,; lll.._l iHlt)orLaid arCOmldi_hilient w_ the
demonntratioli, ill I_ublic_tioli,_ .I ailtl 7 t liai dilalal ioil dis._il)atioli does little to
ilitprove tw_equatioIHinodei i)rt.ditth)li. ,, for _i,o('k-.'_Vliarah.'d llow_. Rather, ti,e
re_learch veritien tha.t U_illg a _t:('Tllltl ortli!f clO_llre iiiotlci greatly iilli)rove8 i)re-
dh'led _ize of die _lel)aratit)li ri..giOll, ahlloll_,h oilier llow liropertie_ are llOt _.ccI,.i-
rarely predicted (e.g., velocity I)r,dilt'_ dtJwli;_|reEtill ol 1tile reatt_tchlllellt point).
ihiblicatioll_ 2, 4 atl(l {i iittrtldl|ce Iow-lit.ytioltl_-IiUlillmr correctioll_ for the
k-w inodel that I)erll|it the m(,th,I to iii'cllrlttt.ly (tt_cribe llea.r-wall i)rol)ertie_
(ff high-_l)eed I_OUlldary layi,rs. 'l'hl' illodilicalioti_ l)re_enl.e(i ht the. iirl_t Lwt)
pul:lication_ III1 illlP.tely h;we bern ,,_Ul)t,r_t'dt_d by Ilio_l' po_l ula.le(t ill I'ul}lical.ion
ft. The latter I'ublic_tio, repri:.-,i'ld_ ill|l(h of Iht: I,i_i(' re_t;al'ch Coliducted durillg
the third year of the project.
ilublicati(lli.i r) ;.ttttl (i l'ocitn tilt illq_lit'itlhm of the low-J|t'ytluldn-ltUliiber k-_
model to a coilcctioli of trixllnititmal flown. The puldicatioiln nhow that the
nlodcl accurately predictu prol,'rtil'n iti lilt: I rall_ilitmal region provided tran-
siii(m licynohln mmd_er in relativt_ly nltiillll liy (:olll.rit.'-it, I)redicted transitio.
width in gelterally umallcr thall ilwlt_urt'.d for trailnition at high Ibeynoldn nuln-
bern. Additionally, computed re_ult_ Mlow a .'_troliger-than-desircd _llsitivity
to the I'ree_trt:am value of _, a,d the lleed for a _itill)le method of triggeriilg
transition at a _pecilied tocat i.li.
l)uring ti!e tinM nix monthn of lhe I)rojed, we have eliminated two of the
three oulntandilig i)robh_mn will, the molh:l a_ il al)piien to trannitioliai bound-
ary layern. Si)ecilically, we ilnvt; d_vined a motlilical i(m thai elimillni.es solution
sensilivil.y to tht: fr('.e._trealll vahit_ ()f _, al,I we hlwe. (levi._ed a _traighl.for-
ward lllelhod I'_r I riggt,rmg I rltn._ili_m at :l ,_ll_'rili_M location, ilowever, limited
Ihn(tiug lln._ iirl'('hidt'd nolving I1,' prt)td,,m (it' lilt' tol)-al_ruld. I rmt.',ititm at high
i|,'yn()ht_ ilUlllili'rs.
AS _llnllliilrizl'(I ill I'ul,lic;tlilm r), Illl' tivt'rllll tili.i,'clive of (lilt allproach to
Iht, I rali..iilion ilrtllih, lii is I(i ii._' Iht, Wih'{lx i I'-.) lurltull'iieo liiolh!l as Ihe ft)lln-
tlltli(lli ror slud)'iiig tilid liiotlvlilig Ilia. Iraii.,_ilitilial II,}w rl,giilli. (;(lli.'-iisleill with
till! ill!t!ll_ lif NA_tli, Iht! I.rliiil_ilioil tl(ihil i.,i ii.,_:-;lilllt:d [tl lit! i_iiiiWll ii priori. (3Olii-
llUlittiuii.'.i i'illl Ihu,_i lit: hlithllrd ai lilt! i"llt,lvl'rll II'iUi_ilit'ii i(It'aiii)li iuill cuittiliUed
dtiWli_trt;liili tlirlliit._h Iht: Lrali_ilitllilil flow rt!gillll itiid wt,'ll iilLu lilt! fully turbu-
It:lit rt:giOll. 'It, dcvclul, tilt: illt>dl_l, wt. hlivt: h,lh>wt:d it _t,ilUtSlli'e 0_"ilitt:rrelateil
_tell._.
, In PulJieations7, ,Iand fi,we dr,.wfro,.lhr,¢×h.nsiw. work don4'by
Wilcox et M.2-? to hell,[ornlt,lal_'ilh_w-ll.yu(dds-,m,,il)(*rv.rsi(mof the
k-_ model.
2. In l)ul)lications 4 and (i, w_"si,,.daicd s,.v,.ral of tl." ll,_ws lhat l,_vc l.'en
done with l)irect Nlim<-,riral Siml,lnlit). (I)NS) nwthods. 'l'hc results ¢,1"
Mansour, Kim and Moin s w,,re ('olulHH_'<I G_r Iwo di|rerent II++ynol(Is nunl-
bers. (1Omlmring mo(l,.lpredirlionswilh l.hPI)NS resultsl.'ll)('dgreally
in developing the model.
3. In l'uhlicatinn5, we l,'st_'dI}.'.V.I.I ag:lin,rlI ltw(Hlinlc.._i(.lal,fully
turbule,ltboundary layers,in¢lu(lingl){,l.l,in('Oml_r('ssildcand COml,r.ss-
iblccase..Wc haw' ri'lWalcd5 {)flh(-.sccasesiu thisr('l)Orl.
4. In Publication5, we l.csh.dthe'm(-l,'l:i_,ainst_IIof lhe lw(,-di,n_,nsio.M
ca.sespresented hy Singer,l)inawhi, _md ly.r."nWe haw. repeah.'dMI of
these cases in this r(,liort.,
5. we lmve analyzed ltw e(+tulircssihh' Ic_glayer to explain why a(l(ling m<'tom-
diffusion term I,o the _ .<lualinn <'a. h;tw" an a(tw,rsf, efh,¢l, on lircdicl,('d
skin friction.
As noted al)ovc, addrcssi,g Ih'm.s I al,d 7 h;_s llroduccd a h,w-ll,.ynohls-
ilillnber version of the k-_ m(.h'l, lh,hlirali(mfi d,.s(:ril.'sil.'mo(h'l and
presentsaPl)licalionsIo fullyl.url)uh,nlch;mn,.lall(lpil)cflow,and for a Iran-
sitionM,inrot.prossil)h,lhll-lihlh,l.m,ldary hLv,'rIn lhisroporl w(.l)roposc
modified versionof lhe .io(h.lth;d,.liminatcsfr,.cslrcaml)o.mlary-condiiio,l
selisitivily.This repot! apl)licslh_,i,i<>(l,'lI(,5 lllrbulcntl)ou,ldary-laycrl.esl.
cases, two free shear flow ca._,,s and t(_ Ilia,r,! than 20 transitional Ilows for whi('h
experimcr,tM data are availal,h'.
Chapter 2 summarizes the rcvis,'d h)w-ll,.yn_,hls-nurnber version of the k-_
model. (Yhal)lers 3, 4 and 5 prcs(.nl r{.st,lis ill our applications. ('.h;qih,r 6
sliirilnarizes results (if the research. '! li,' _'|1c¢1of a tnodcl revision on the ¢Olll-
pressible law of the wall is diseilsscd in Allllcndix A.
0_: !_009'
Chapter 2
Revised Low Reynolds
Number Model
'rhc rcvi,_e(I low-llcym,ld._-mmd..r w_r._i{,zi of tim k-,,_ m(Jdel is wrilteu ilJ tern_
(,f l"avre IU nnas._ averaged varial)h,s. 'fl.' aquat.ionl_ of m(,liou are a_ follows.
0¢ a 0 (2.1)
o-i(e,,,) + _ (I,,,_,,,) = - -- +iJz, Ozj
# il iJ [ ilk 1
0 il (p% k) r ilu, _ t_.t,,_l" 4 - (14 4 a't_'r) C2.4)
i) il
"_ r ilu, I' ilk il,.,)
(pu_) :: ,_r,j//-_.- i2¢i_z'-' t er,_w it.rj i).r.j
o[ (_.5)
hi E(lualioi,_ (2.1)-(2.5), I au,I at, ,hm(,Ic Lillu: ami i)o_itioii vector; p axid
p arc (Jeiisity aml pressure; el, i_ lUaS_-av_.raged w:locily w:ctor; _1 aud l/ are
Iuta] enlcrgy ;111(1IotllJ caithaJl_)'; r,_ alid q, al'_: tile t.utM ,,ilrl:.,i_ I.¢_Xh'.;oram| the
total heal |lux vector; rii_' i_ il,: I(_-ym_hl._ ._lress tCli.Nor; _ LtlI_J i_ are tilrJ_llJeliCe
kil,eLic evner_Kya.d sperilic (lis.silmti(.n ral_.; a.d, _t, p', tJ', _. a', _a are ('h>._l,rv
coe|llcieuts. Tlne I'ollowi.g consLiL,Liw' r_'hd.iov,sare weeded I,o cl.s_' I,Ine sysLevn.
Fr = r_ --, TL#= T," I
OJ
(2f_)
(27)
1 1
K = _"+ _vl_,_ -F Ic, II : h _ 72"_'_ 4 k (2.10)
hn tile rousl, itiltive relatiovi.% we ll,_w, ivllrodlvre(l (he vu(_l(_c.h_r slre._._ tensor,
ri_, ttiean ._train-rale (,en._or, ,(_'ij, v._)l,'r.lar vi._rosily, I_, eddy viscosity, i_7.,
evltlnalpy, h, lavniu_zr l'randtl wnvnh_,r, l)rl., l_,rl_t=l_.n_LPrawdll nuvnher, PrT,
iwl,ernzal el,er_;y, e, and an addiliou;d rl(_.re roellici,'r,l, _t'. Finally, I.o complete
clo._lJreof the sysLevw,w_" ,_l.'('ify the valn_,s of lh,, rl(_,_l)re roelliri_'wls ;L,;follow._.
(t* = _*" Jr l_ct'/l_t I m, + Ih'T/IL
,, .... ((,')-' (2i_)
I + l{rT'/Ht ' '2 I I HrT/II_
9 r)l18 F (lh'rlH_) 4
I_" = --, (2.13)
i0(} I I (l_,.r/lt_,) _
3 3
'_-- _i' ,,-"= I, ,.,-=_ (2.t._)
_1, _'b---__,---_ o
_a = (2.1.5)
_,: =/_/:L ,,° _- z/J0 (2.16)
lf_ = 6, It_ = _, If_., : 1I/.5
The (lUmltity l_rT i_ I,he t.url,illevn('(, I{,.yn(,hls ,m,,d)er dcfi.ed I)y
(2.17)
p_Grr--
oa_G_ IxL QOI_L_-_•
oF pO0_
"J'he prhiiary dill'erence hctwe_.z, thi_ ,,,udcl ami ti.' model iutroduced by
Wilcox II i_ Llle hilroducLioll (if the l¢.illl ill l':quatioll (2.,_) prollorliolial Lo 0"d.
This [erlii is siluilar Lo Mellfer's 12 cr_-dill'a_i{lll lerlii. The elrcct of" this (ernl i_
to replace tile eiiLraililiielit veh)(:ify, I_, ill Lh(: _ e(lllali0tl Sly (i; - 0"d_-l_/cl0y).
_illce k tlecrea._t:s approachillg the s|lear layer edge (a.sslilliill_ o'd > {j), the
net ell;.ct is to make the effective eulraiiliJlt_tJt velocity positive (or at lea.st less
negative). As a result, _ dilhist_s l'r_ml Ihc turbuhalt rt.gion into the nonturbulent
region, which is the opposite of what happl.ns with the k-_ model. Thu.s, the
freestream value of w has no ,_il'ect o,l tiw. solution.
As shown by Wilcox Is, it is imporlaut Io suppress the cross-diffusion term
clo._e to solid boundaries I_r wall-buumh;d Ilows. The prescription iu Equa-
tion (2.15) causes 0"a to valihdi near a _,,lid boutidary since k increases and w
decrea.ses in the viscous sublayer. TI,is modilicatio, t. tile w equation elinfinates
tile niodcl's _cn_itiviiy to the I'rt:cMi-t_aili viihl,._ of W. The vahic, uf scver',d clo-
sure cuellicielit_ nl,ist b_" ,,lodiii,.d I,_ a,:hi,_v,_ ,,l_tili,u,,i re_ults fur both boundary
layers and frec _hear layers. Spc,:iiirally, a slid o'" IliliSt it_:_illlie values larger
tlilm used ill Ihc Standard k-,u lllodcl. Thi._, ill turli, requires chaiiging a and
I_, to mahitahi a sati_fact_,ry law _,1"tll,_ wall ill the turi_uleiit boundary layer.
The value quoted for ¢, guaralit,..es Ihat tll,. KArm;iil colistallt is 0.41 while the
value of If,,., yields all additive c_al_taili ill Ihe law of I lie wall of 5.0. hi Sumlnary,
Table 2.1 _how_ how the revi_,.d lliodcl'_ ciosl/re coelliciclit_ di|Fcr l'roln those of
the Wilcox _l model.
Table 2.1: (:io_ure { :_,,:ilicieut l)iiG_rellces
(:oe.ificienl. N,'w M,)d,'l Wilco× ]_ Model
:l/r, l/_
a" l l/_t
O_ ['_ili!a! i,,li (2. I r_) 0
_l I/2 5/9
R,. I 115 271 Ill
Chapter 3
Turbulent Boundary-Layer
Applications
A key ohjectiv,, of re,_earch duriug Ih," fi.al y,,ar a.d a half of this l)ro.je_:! ha.u
heen to describe bmmdary-layer dew'h)i)..'.q through transition from laminar
!,o turbulciit flow. Of ('ours(', it is [llll.,rlall! Ih;ll we provide a,, ace.rate (h,-
scrildion i. t11(, turhuh.ut region im',.'dialrcly f_dh_wing trausitioJ_, i.e., wc iusi._t
that our model apl>roa('h Ihc pr(>p,'r limili.g nlaU' c_fthe boundary layer. Con-
_'quently, since the k-w ...h.I with.ul viscous corrections g,'m.rally is very
accurate for turl)ulent houu(lary lay,.rs, a r.ul,d c,[ tests is in or(h.r to make ullre
model prediction._ are not adv,'rs_'ly ;,ll;.('tc,I I,_ lb. viscous (-orr,'cli()ns. We
have performed live l)omldary layer COml_Utati_,ns including etle(-ts of adverse
and favorable presuure gradient, and for Madl .uml.'rs as high ;_ 10. Table 3.1
lists the five cases.
Table 3.1 : T.rlmh.,,l. II_,,,,,dary l.ay+,r 'l_+st Cases
Description Vp Data Source
InrOml_ressihl,' l"ial l'late N.._"
Sa.meI-Jouhert A dver._e
Math 2.24"1 Flat lqat,. N(>.e
Ma('h 4.544 Flat Plate N().c
Mach 10.31 Flat Plate N_.,e
Wicghardt-'l'ill,,m. v4
Samuel- Joul)er! v
ShuII8l_
( 'oh.s 1_
Wafson 16
Inconil>ressil)h: Fiat l'lat4_, l"igtm' 3 1 c(>wqmrescOVUlmied and vvm;Ls.rvd
skin friction, el, and s.l,lay,.r-s(-ah,d v,'l()('ily.. _ . As showlI, th,' ()l,ly signilicanl,
difference hetweell predi_'fiovzs will, aml wifl.,.I viscous correcli..s i._ i. tl..
transition point. The ..modifi,.d n,.,l,.I .,,d,.rgr..s transition .,.rh earlier than
0_:_00_
Ills rij(>(it:l will, viscous correctioj,.s. Ski. t'ri('li()ll _ll. lilt' lillal slat*oIl is 2.51" iO -a
with viscous modificatiolis coltq_ar('d h) 2,19. iO -a without.
Samu('.l-Jouberl. 'l']li_ il)COlill_res._il)h' adverse l)re._sure/_radient boundary
layer was supposed to be a shlll)l(_ appli_'_lioli i, Slallford Olympics II. It On
llle contrary, it proved to l)e w.ry dilii('llll f_Jr all lllodvl_ a:Id has become a key
test cast: for how well a turbllh'llct' illodvl i)rcdicl_ cifc(:t_ of adverse pressure
gradiclll, l/'igill't ' 3.2 _izuw_ tl,,I i,t,tit high al,i i()w-iicylioid._-UUltibt:r wr.,,ioll.S
of Lile Iiiodel licariy duplicate ulv_.sttrcd ._khl fricl.ioll aud vt'locity l)rofiit: at Lilt:
I_t -_tatioll. At the fiuai statiou, r/ -= 1.3,q. 1O-3 wilii vi.,scous corrt:ctiolls aud
1.25 • 10- a with(mr.
Colupressibic Flat Plates A_ bhowlt ht Figures 3.3, 3.4 alid 3.5, tile
viscou_ correctiolis have virtually Iio cll'l'('t oil ski. l'ricliOlt aud velocity proliles
ill tile fully turbulellt regioll ftJr Ih(:;,,: Ihrc(: _tpi)lit:alioll_. For all three cases,
skill frictioll dilrers by ie_ tha, o,e i),'r,'t:ltt _tt the filial statioil.
ht slunmary, for all 5 ca.svs COll_hi,.r,_d, (lilfcrcnccs l)ctween computed flow
properties with and without vincotls corr(_('liotis are It_._s lhazl _%, and are gen-
erally le.ss *hall 2%. Additioludly. ;dll,),_.h n(,l. showu ill,re, we IIav,_ computed
(,iil(l_'r _epar_,lc i'imdizlg) l.l l,,-r_ h,c_,,pr_':_.,,ild_" l)ol.l,lary lay_rs, 3 wilh fa-
voral)ie pr0ss, re gradi(:nt, alzd i l wilh adw,r.s_" l)re_sure gradielzt. Along witii
tile lilt-plat,: bouudary layer aild lilt: S_ti(tu(:l Joul,urt case, Lilc_t: arc tile 16
boul|dary iaycrb _lalyzt'.d I)y V¢il('(_x TM. A._ with the t:ast:_ di.scu_bcd above, the
Iow-l|cyttolds-Jluulbt:r k-_ lllOdvl i.', ;1_ _t_'l|ralu as the b_ic lllodt:i wit*tout vis-
COilS lllodilicalioll_, lit:lIce, lit*: vi_cotl_ (-(_rrcclit,llb h:avu tile bt_bt futtture_ of
lilt: k-_.,_ moth:i il|tacL, i.e., Ill(: i,,.d_l _1 ill _t('(-,ratcly t)rcdict_ ciFcctsof l)rt:s_ure
gradic.t alld coutprc_ibility u l) h) I_J_t,'lt r).
While the cro.s-_-dill'u_iol| terul ill the _ egllatiOli greatly reduce_ tile illodei's
._ellsilivily to the freeulrcallI vahlt' of t.,), il dot._ ilol. _'lllirt'ly r(:iilt)ve it. A i_rger
value of _ is itccded to COlIlldt:l('ly r(.in(,v(' the s(:ti_itivity, ilowcvcr, a.s shown
ht Ai)l)eltdix A, using a largt'r vahic for or,t yieid_ all illaccurate prediction for
tile conipre_sible law of tile wall.
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Chapter 4
Free Shear Flow
Applications
While k-w mo(t,_l boulldary-layer r(,ml)l,I alions (lisl,lay a mild sensitivity to tile
J'rcestream vahw uf _a, the s(:mqtivily i._ much M.r(mgcr fi}r free _ht:ar tlows. As
sh,_wll h)' Wil(',,x'a the sl)r,'adi,,l_ rate, I_r Ill,' h,ro,lq)r,'s._il)l,_ illixi,lg layer varies
i),:twec,l 0.10:i and 0.141; the u.'a._,Jr,'dsl,rcadhlg rat_. is (i.115. Similarly, fi>r
the. J'ar wake, conlpul.ed sl)r,,mlhzg ralc vari,.,., from () 3i)1 to 0.50(), _,_ comparc, d
fo a mea._urcd value of i).3{_5.
The uew model almost ¢oml,lctcJy ,.Jm,matc_ this problem. Figure 4.1 coul-
pares coin|)utcd aad ulea_urcd mixing-layer w.locity I,rOJi|e_ fi)r two vaiuea of
the I'ree._trcam ,a that, diil_:r by ._cw:ral (,rdvr._ (X magnitude. The computed
spreading rate varic_ hctwecu (I.l(h_J a_Id if. IU7.
Siulilarl.y, Figure 4.2 conllmres compulcd alzd mca,_ur('d velocily prolih-s for
the Jar wake. l"_*r a wi(h: rallge o1" Itu_.Mr_ml,I val,,'._ (if _, Ihc spreading rate
varies i)clweeu 0.295 and 0.318.
We l,aw _. attempted COml)Ulati_ms ILr the I)lam: aml rouml jell, but have
encouptered ml,l,ericai diili(:.lli_:._ ia ol,lai,,i,,g co,wcrgcd _lutioit_. This illu_-
Lratvs a k,_y i,ruhh'.m altcmli.g u._c of lh,: _-r(,._-diiF_,_i(m Ic,m. hi geueral, tl,e
lL'rm l_rc_ttly il,¢ rc_cb the _till'm's_ _,f If.' m_d_;l _:_luati_,"._ l,y _dt_'rhq_ tile cJFcc-
tiv(: time -_('alc (_a- ' ) Ilear a tull, ah',_l./I,_ml url,ulcut iuh'rfa('c. A_ a cotl_cquum'c,
tl,c couvcrgenc(: rate ul" tile ,m_,_,.rical i,ll_udtl,m tc,.l_ to b_" _'duced.
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Chapter 5
Transitional
Boundary-Layer
Applications
5.1 Triggering Transition
The question of how to trigg,.r trav,_ition F()r a given alq)lication raise_ all impor-
tant point about .sing turbulenc_.-mo(Ivl ,'(I.ati()us for tran.qitio.al Ilows. We
mu_t keep in mind that lransilion is a co..idi('al,,d i)hennmenon 'l_ansiiion
is triggered by a (listurhance in a h(nmdary I;Lv(,r only if the ff,.(lu(,rlcy of the
dislurbance falls in a Slmcific hand I{eynohts aw,raging h_.q mask,,d all .qpeOral
effects, and all tlw model can r('pr_,s,..t with t" and w is the i.t(,nsity of the
disturbance and an averag(, ffeqt.,ncy. Ih,nc_,, if is possible for lhe turbulence
model to predict transition when it shouldn'l occur, if we choose to trigger
transition via the presence of a frf.cst roam dislurhance, using turt)ulence-model
equations i.q sensible only if the trigg_'ring dis!.rbance is broad band, i.e., con-
tains all frequencies.
In devising the n,odel, the tics.re co(.f/iciv.ls _ and _o [Equation (2.16)]
have been chosen to malch It,(. mini.ram critical l{oynolds numb(.r for t l.- Bla-
sius boundary layer. Consequently, th_ model can be expected to yield sensi-
ble transition predictions for conslan! press.re, illcottllr)ressib|e boun(lary layers.
Unfortunately, th(, Ino(|cl r'quations tnu._lh(" recalil)rated (i.e., o" and n,, llllts|,
be adjusted) to accontmodatc each ll('w c(mq,licating ('fleet[see Wilcox et al.2-?].
In this project, the g.al h,x_ boo. to as_tm.- ft.. transition point is givrn and
to use the model eq.ations f h rough the t ransi!io.al region arid Jut _) th(- t.rbt,lent
part, of t.tw flow. 1'o date. the frcostrr;mt t.urhtd,,.c[, int['nslty, pr_q)orti.n;d to
Ihe frees|,reanl vaJllc of 1", li;Lq hvt,.ll ;tdjtlSlOd Io mal(-h the ilie'a._;zlrl'(J fransil.ioll
18
pohlt. 'l'hi_ i_ 8ati_i'_ctury whetl tire tralt_iti(m poilit ocrurs at a l_ge ]{eyilold_
number) wilicit rcquirc_ ko_ t_ bc _mall r_.l_tive to U_,. However, for lfi(_il-speed
lit)w8 ill which tra,l_ition occur._ at a relatively small i(cynoldn number, we have
found that ul|reanollitl)ly large values of k,._ are needed to trigger traiinition) no
large an to affect the total energy in the freentream in a physically unrealistic
manner. Thus, a ,l(_w method for triggering tr_lnition in needed.
'lb devine an ahcrltative mt:thod, w(: call take advalltal_e of a utlique feature
of the k-_ mod_'l. Sp(:cifically, by Itnilll_ n linite vnlue for _ at the surface) we
can simulate surfact_ rou_li.en_ with the Hloth'l. l"or fully turl)ulclit i)ou.dary
layern, Wilcox I shown that
Ur
= --._'ti at I/= 0 (8.1)
V
where Ur in friction v(:locity and .b't_ in a dimensionh:bs function of the surface
roughness height, kt_, dot|lied by (with k_ = ur ktt/_'):
{ <.s'_ = (5.2)
>_zs
Since increasing tht, nul'face rotiglme_ height correst)ondz to decreaaitig the sur-
face value o1"_ (altd thus the (ii_sil)atitm i_l the k e(tualioli )) the model predict-_
that roughness will have a destabilizing t.ll'_:ct. 'l'hi_ is consistent with meanure-
ntclltn, and t)atchcn of' hurlace rou_htte_n arc ol't(:ii used to trigger traiisition in
experiments. 'l'hu._, a I)osnil)lc way to trigger tran_ili(ni with the model equa-
lions in to rainier|tally simulate a rouglmc-..n strip via Equations (5. i) and (5.2).
_Vt _. have rllll )lit)r(: thai, 211 t wt)-diiil('nnional trannil.i()nat I)oull(lary layer cane.n
to tent. this id('_t; r(:..)ultn of thtr ('Ollq)ul al i()nn are given in I|le n(:xt _ection. We
have b(:(:l| _tl)h, It) Irigger tr;m._ilion at. ih(_ (i(tnir('(t local|oil for all of the ca._e_
colini(l(_re(I tlni./_ a rouglmeun nit| I) with kit all(| the ntreamwise extent of the
strip, As, _iven i)y the following correllttiolis.
kl¢ I" f)000
-- ._ Ill(l,d," _ --) "_
A===__ 0.015 _ (5.4)
b_
The quantitien b( and ll_0 art_ the l)ou_idary-layer thickness atld tran._ition
lLeynoldn number l)aned on arc h:n_th.
5.2 Applications
In order to tent Ihe |lew transilioti-trigg('rmg method, we have computed all of
the lwo-dimensiot_al transitioimi I)otm(lary layer c_kse_ connidered by Singer) et
19
al. _ O,r applirat.ion_ also inH,de, Math 20 r--_'nl ry case. Tahl, 5. I summarizes
the cases we have done.
Table 5.1: 'l'ransitiopM lh..sdary l,_,yer 'l'{_st C:L_es
Flow Description Vp Data Source
I Incoml_r_'ssihle Flat Plat.J, Noil_.
2 Favorable _Tp Favorahh'_
3 S||personie (;one l"low N_m-
3 S11personic (.'one F'lsw N_);w
4 Freesf.ream "131rhuh'nee No;w
4 Freestrean| "l_lrhuh'nee N_m_'
5 I'rolate Spheroid l"av,)r:d>h.
6 (',oncave SurfacP Non-
6 Mach 20, 5" Cone Non_"
_¢l.,halwr- K lehanoff 19
Blair-W.rl_. -_°
Fisher- l)ougherl.y _]
( '.hen, el. al. _2
Sclmhauer Sk ramsl ad :ta
Blair _4
Meier- Kreplin. Ming 2"_
Swearingell Illackweht,r 2r'
llow_d _T
In all cases, COml).lalion begins al the l,lal_" h.ading edge', and the tuH)u-
lepce kit,eric energy is inilially s_.l, t. an f.xlren..ly small wd.r, viz,, I0-I'_11_,,
througl,out t.l;e I_oundary layer. This value is too small t.o lrigger transition
naturally. The initial _ profile is givell hy tlw exacl, lan;inar-flow s(>h,tion to lhe
model equations. ! 1
In addition to testing t.he trransili,)!, l rigg,,ring method (h's('rihed al)ove, we
have tested the ell'eel of tire cross-(lilh;sion term it, Eq,,atio|| (2.5). A (llsap-
pointing feature of our previous t ra,lsilion pr_'dicfions was a mild sensitivity of
transition location to the initial _v pr_lile. 'llw sensilivit,y w,x_ caused by I,l,e
small, but noticeable, effect, of the fre.stream value of w on the laminar-floW so-
lul.ion for w. 'l'l,e primary rea.qon for i;,l r,.Inci.g the cro_-diffusion term wa.q l,o
eliminate l.his sensitivity for l.ran._ili_m predirlio,,s. As shown in lhe preceding
chapl.ers, the eros,+dill'usi_, lerm eliminales m_l of lhe sen._ilivif.y for l.urhn-
IeuL shear flows. Numerical _'Xl>_'rimet;l;d i_,u I'_,r ._evera[ _f t.h{' I rausitioual cases
listed in Table 5.1 verilies l.hal, tl,is is Iru{, f<_r transitio_,al Ih,ws also. Thai. is,
our computal,i_ms verify that I ransi!i()i] pr(.d_rth)n._ are COmld,'l,'ly insensitive to
the initial _ pr(_lile, ewm wl,en Iransil ion is I rigg/*red hy free'st r.am l.urhuh,,H:e.
Incompressil_]e Flat Plate. The lirsl, ea._e is F|ow I from Singer, eL al. _
This is an incoml_ressil_l,, flat-ldat-h(mndary layer that un,h'rgoes transition
aL a l)lal.e length het.ween 16 m. and 1.8 m. According to l'_q_ations (5.3) and
(5.4), this lh)w req.ires a ro_,ghn,'ss strip with t-_/_i( = ;l.0 and As/b_ = 25.
Numerical experimentation shows l.hat a shorter lransition slrip, i.e., A,s/ht = 7
is sullicient to trigger transilion at the desired I<_¢ation for this case,
Figure 5.1 compares comput_,d and meas.r,,d skin frieti{m throt|gho||l, the
transit, ion region I'or I,he model with a;,(I wil.ho.I the cr(_s-difl',|sio;'; term. In
hoth c_es, computed and mem_ured r/ (lilt'_,r hy less than IriS, (_f II,e peak skin
2O
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I"il_ur¢ 5. l: 'l'rau_il iollai iucuutllr_'n_il,l_ lIlt-plate bouudacy layer;
nlodcl; - - - k-_ ul.d_:l without clo_n dill'u_iou.
---- New k-w
li'irli.n. NtJttr tllat wit h cron._ dillu.si-u il,¢ludt:tl, tilt: di._tauct, bt:twcen tuinimum
_tltd IliltXiilllllll ._ki, fricti, m in a bit h'._._ I Ilitll that wilhcmt ('ron_, dill'linio_,.
Fnvornbh: i_I't_I_IIL'C Gntdi_:ut ll_ltlidal'y i,ay_'xn. 'l'hc II¢_Xl, apldicatious
arc f_r inlroml_rt'.',nil,h' b_mndary lltyt'rn ill a l.lv(_rahh' pressure, grndiqmt. 'Fine
I,_mndary Inycrs r_m_id,;r_'d corrl_._pcmd I_ I,'lt_w 2/( :_e.s I al_d 2 _d" Singe.r, ct _tl.
hi additkm t_, haviug advt.rs_r pr_._nun, gradhml, tilt..surface is cooh:d. Figure 5.2
('OlllJ'J_ir('s ('()lllpiill'tl till(| Iilt'il.',illr('d ,_ldllll()ll iiIIIllbCr ft_r |lltr I.WO ('_iS(_n. ('_,;,I_C 2
II_tn a .'-ilroll_cr fa,.',,raldt, pr¢.,i_lirt, g,radi,.ltt thau (:ant' I 'l'iw diuit'ilniOllS (,f Ihe
l'Ollghtl_'ns .'_lrip rt.qllilCd to Iliat('h tilt. ill(.aallr(.d II';tll.,iiliOll point are (klJbt,
A._/b_) = (10, 10) ,,ot,I ('1, 9), r,'nt,t't'livt'ly, fi,r ('as,'n I _ll,I 2. E,illalionn (,5.3)
and (ft..l) irldiCalt. (k,/bl, A.s/bl) -- (8.5, 8.7) and (ft.0, 12.5), renl)ectively.
Againi, we se_ Ihal Ihtr tran._ititm width i.., r,,dlic_,d it bit wht_l| the. cro_._-dilfiision
tcrnl in iucludt_d
Stii)crnt)ilic Cunit: i,'h_w. Igor thin :qqdicati(_ii w(r counidt'r I"h,w :1 of the
Sitigt_r, et hi. nlutly. (_mcn I-4 fo('u_ (,it flow t)imt n 5" half angle cone with
hllich Illllllbcrb I;lltgillg hUtll i.ilJ I(_ I._5li, (:t_rrt::-,l_Olldillg to Iil¢it_urclltClltn of
I"inht:r _tiltl l)oug, ht.rty. 21 (:lint'.', 5-T itrt. I_r Math 336 IIow pit.st it 5" hitlf-alt_lc
con_, with bit itdilil_idiC _url'ittt: (_,'¢: (:him, ,.t itl.7"). 'l'itl,lt_ 5.2 sullilitarizu_ tile
lrall._itit_ll i{cyutdd_ nmlul,.r, lt_,,, ititd l{tryll_ddn llllllnbt:r blm_:d oil tralonitiou
width, i_c.x,._ i'_,r all ? c_mc_, lbr Iht. i,'w u,,l t_hl lt_w l{_'ynlohln-iiUl_lbcr k-_
modcln.
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Table 5.2. iicaull_ for Fishcr-l)oughcrty and (',hen et al. Test Cascs
(:a:._e mach n,,,,,b,.r I(e,., (Ih.3,x,},,,.,,, (iteAzt)_ld (R,a,,),:rp I
i !.i6 7.13
2 1.30 5.70
3 i .55 7.90
4 I._45 7.4!)
fi 3.36 6.92
6 3.36 9.51
7 "1.36 1.07
i(] 6 (),15
1(}" 0.50
!0" 0.72
I O" 0.78
I 0_ 1.0 i
I ()_i I. 19
107 13l)
I0 e 0,89
I(16 0,84
I 06 1.08
106 1.07
I06 1,63
11}_ 1.79
I(}'; i ._2
106
1()e
10_
IOn
lOs
I 06
108
0.69-I0 °
0.97.10"
124. 10 6
1.56.10 _
k-'r{_:strea/tt Turl)uh:ttc,: Eift.'(:ts. Wc turn /tow to rtFecta uf frccstrcam
turbulence, i.e., L'h_w 4 of the Singer, t.t al. study. All of the cases considered are
for in('omt_res_ilAc b,mndary lay,.rs. 'l',l)h: 5.3 si,)w_ that ctmil)uted tratmithm
width for (_'a.ses 1-5 is consistc/|l ly .sntalh'r that/niea._urcd, arid noticeably stnallcr
than the model witl,out cross diffusion.
Tal,lc 5.3: I{x_.sull.s f_,r S('h0ilmiicr-Skralnstad Test (:a.ses
(:ase T' Rez, (lt,'z_,) ...... ( Reds,, ),.I,, (ltca,._),,i. I
1 012% 285' 106 0.56- 106 0,88. 106 1.00" 106 ]
2 .100% 2.75.10 _ 0.52.1(} _ 11.86.1(} ° i.20. lO s
r3 .20111_, 2.20-I(} _ (1.,18. i0 ° 0.78. 1(18 1.50. I(1_4 .2fi0% 1.80. i0 _ (}.15 • 111_ 0.69. II) _ 1.4(). i118
5 .3,111% 1.4(). !0 _ 0.36. I(P (158. IO6 i.25. lOs
For Cases 6, 7 and 8, Figure 5.3 si,ows that i)redicted peak skin friction is
about 10%-15% lower than nwasurc(I. The results for the_e three cases are very
similar to titose ol>tained withoul ('ross dili'uskm.
lucomi)rt_ssilJic Flow Pa_t a SI)hcroi(l. This case is Flow 5 from Sitlger,
ct M. The ilow ,.x:tntincs transitio, uf a boundary layer over a prolate spheroid
at zero atigh. ,-._l"attaL'k, with transiti,,n trigg_-rcd I,y a ruuaimc_ strip. Ex-
tberi,wntal data Itaw: been pruvidcd i,y Mi.icr, Krcl,li, attd Mit,g. :_ 'l'ablc 5.4
Sllllllllari_.cl_ the f_Jllr c_e_,
Figures 5.4 throtjgh 5.7 con|pare cohq)tm'd attd measured ski. friction (based
on local boundary layer edge vclocily) _ a fu,iction of arc length aloitg the
spheroid. As shown, coral)Uteri and mca._ured _kin friction are ci(r_est when
tratmitiou is imlu<:_:d by the r_,ut;hm'._s Mril,. With_mt the rough,tess _tril), the
predicted transiti_m occurs llit,_[i.:al_ruplly Ihan measured.
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Figure 5.3: 'lt"_,sitio, wi(llh G_r fl;ll i}1;,1_, houmh,ry I;Lyrrs; --
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'fable 5.4: Meier-Krgdin-Ming Tent Cases
/'f_, = 20 m/see, no roughness strip 2.0 6.0 ]
I/,,, = 20 ,n/see, with re,ugliness strip ,t.0 8.0 III_, = 30 m/see, no roughlu'Ss strip 2.0 1.6
i/,.._ = 30 u,/nu(', wilh rt,,,_,l,ues_ .slrip 2.0 1,5.0
Concaw., Surtaee IJmmdary Lay_'.r. In thin application we consider in-
con|pr¢:s_ible flow (,ver a co,Jcaw, ._urface. W_ pr¢'se||t renult_ ill Figure 5.8. As in
all previo,i_ ai,i,licali(,_ts, iududiltg crt_n dilruniol| t'au._cn a nuticcal,le reduction
in trail_ition widlh A('cordi,g Io l']qt|ali(,ln (,5.3) a,,I (5.'1), the Ira|lulL|o|| strip
_i,ould J,ave kl_/_t = 3.5 a,,i A_/b_ = 21. Numerical expurime,Jtation nliow_
that sotl|ewlt_t st|miler values, k'u/b_ = :l.0 aml .3,n/tJ= : 12, can be used.
Math 21), 5" Cone. i"igur_' 5.!) co|l|paren computed and measured Stan-
ton I|uudJer, $1, I'.r Math 20 Ih_w77 |)lint tt ,5" half-altgle colic. As _howu, the
coral)Uteri Stauton number ilicre_en more abruptly thai| measured, althougll
h:ns abruptly with cross dilf.niun ittclud_d. Thin i_ the ouly cane for which
transition width i.crea_es wheli cross dill'union in iucludcd. Note also, that the
¢onli)llted _talllOll Itllllll)cr down,stream of tranniti(m is (:loser to llle_t,Slli'elnellts
with cro.'+s diffusi.n included. Equati<,l_.., (,5.3) aml (5.,I) imlicate a transition
strip with kldbt : 3.0 and An/bt : 152 Numerical experimentation _hows
that I,ransilion ¢;tl| be triggered with k./bt : 1.0 and As/b_ = 3"2.
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Chapter 6
Summary and Conclusions
|ll tile context ,)f turbu|cat |>(_ttm|itry htycr_, Ihi_ rt_port _how_ that tile new
Iow-lieyuohls-nu,,llwr w.r_io,l _,f Ihc luo,h,I rclaias ul(_st of the best h'atare_ of
lh_: h_cli,lc, |liKll-l(_ylioids-liulnl,cr V{'.rbi(.qi (}l' [||(' u,(,dci, l_lo.st notP.l}ly, tile
lltOdcl i_ ill:st a._ ;i.(-curlttc a_ Ihc I_;L_ClillCJlJo(iq:l|'(_rIh)w_ with adverse |)rc_.uure
grad|opt. This guarantee._ that the ,iodcl a|)pfO0.C||C_ the correct po_t-traasitioa,
asymptotic state.
The cr(xss-(liil'|_,si(Jll I,crm is v(:ry clli:rLiw_ i. clil.illaliHg sohlliOll sen.sitivity
to the frccstr_:anl valut: of _ f{)r luri)uh'ltl, i,()uJldary l_),cr.s, frc.e .'dlcar ilows and
I.rallsil.ional houudary laycr,s. Ilowcvi,r, Ihi..t ila.,i i)(!{_ll accOUll)li_h(_(I at Ihc cost
ot"a Iiol.i('c'al)lc illcrciL_e ill lilt ._lill'm..ss {)|' I lu! (:(|li}tl i()llS of Ju(Jlio|l,
Whih'_ llw new I rilllSiliOll-I rig_t'rill_ IIIClll()d Ila._ii)rove(I l.(J i)e very ell'eel.ire,
aad the (:r(.Ih_-diii'uaioll l..(!flll vlill[illah'_ [l'i_ll_il.i(_il _c._iliviLy it) the itlitial
I_rolih ', (:Olnl)lltcd Irilll_iLioil widlh i_ actllaliy rcdmcd _OlliCWlla{ will, cro_
diifu_ion iuclud_-d, i:;(iuatio|l (5.3) is au Ul)i)cr boumi for the ruu_,lmc_ height
required to t_i_,gcr t_a_itit,_l fur all uf Ihc ca_c_ considered, hi maay ca.se_, a
smalle_ rouglmes_ height i_ -_utli(:i(-m, aml the _lser should try diil'ere|_t _oulchae_s
height_, if i)o_-_iblc, to delt'ruliuc ihc ol_timum height fur a give. applicatio..
Eq*_ati{m (5.4) i_ less certain. 'rhc fi,rm_lla al_o expresses au Ul,per bouud tl_at
cover_ all of tim ci_sv.scou_idcu:d. The ;_'tua| valllc._ u._:d p_.rmit_ the rou_hue_
_tril) to t)er-_i._tfor at lea.st three _'iLtcalnwi.,ic liuite-di|i'crellCe ccihs.
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Appendix A
Compressible Law of the
Wall
While the cross-diff, sion t,'rm i_ w,ry ,.fG,ctiv_" in ,'linlfinating the k-_ niod,,l's
sensitivity to tile freestream value of _, il h,'_ a v,'gativf, impa('t or1 prcctictions
for compr(.ssilJe boundary lay,.r., l"ig.r,' A. I ('(,nq_ar,.s COml)t,l,,d ;i.ld ,,.._u,,r,.d
v(:locity profih's for Madl ,1.5 and M:l_'h 10.3 fl;It-ldal,' boundary lay,,r._. '!'|1,'
c(>lnl_utation._ have bc,_n (loFt<' with all (:l,sur<, ('o,'fli(:i,',lts chos,', 1o in._.r," I.hat
the law of the wall holds in the limit of inCOml)r<'ssild<+ flow, viz,
.+ =/r,.v+ + 11 (h.I)
K
with K = 0A1 and I_ = 5.0. As show., wh,+, cross diffusion is c,,,ilt[:d (a+ = 0),
I)rl4'st" variabh.s) is r_'pr(><h,c(.d, andthe law of the wall (i, I.('rllL'_ of Van " _s
close agreement with tuea,_,red v,,Iocili,,s i,_ obl.ained. By conlr;uuL, when _rd
is 0.5 (with ad/a = 1), significant di|l'_:r,'nc,'._ between ¢ompul,,d and i|ma.,_llred
velocities appear at both Math numl)crs. '1'},, figures indicate smaller difh,rences
for a_ = 0.3 (with ad/a = I/2), and this is lhc value used in all COml)utatk)ns
of Chapters .3 through ,5.
'lb explain the adverse" effect of crous diffu._ion on the COml)r('ssib][, law of
the wall, t.hi._ appcn(lix e×amin,,.q E-_ m,)(h.I pr_,dlcl_,d compr_'._.ribh" h)g-layrr
Htrllcl, llre. The result_ are particul;_rly ilhm,i.al{ng and ch'arly (h'lllon.ul, rate
why ,ruing 1.o0 large a ratio of rra l_ rr it, the' cr_._r-(liffusi_)r, l,rm advers,,ly
afrecl,_ co.lpressihh, h_).,,dary-lay,'r i,r,,,lic_i_._s. Asi,h. from in,'l.sion _)f' tl..
cros_-diff,._ion h, rm, Ill,, analysis i._ th,, .r:m,, ;_n 1hal presenl,.d hy Wilcox. _u
The log lay_'r i_ tl., r_,_i_)l'l ,rufli(i.nlly ('lr)_," l.-tim solid h_z,ndary For negh'('l
of convective terr|ls and far _'nough disl;mt G_r moh.('ular difhl_i_,u l_.rnm to I)P
(Ir_ppe(l. In the log lays,r, li." ,'quati(_.,_ _)f m(>liol, ba.,Pd o. II,' k-_ mo&'l
simplify to the following.
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l"igure A.I: (:Oml_aris,)n of co,.p,Jh:d aud I,lea.sured w'l.city I)roiilen fi_r coin-
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d. _ (A.2)
_l'l' _ _ [)el, ll r
ttr_ [1%, _' ,,'_+ .'1_ = -q,, (A..1)
o"_ m' . + t"r k ,&.) -
t @l + °"_,T. ,, + "P \d,/;
p'r= p,,,'/',,, (a.6)
'l'he quantity u_ is frietio, volocily ,h'lh.'d a.'+Vf_,,,/p,,, where ru, i..urrace
shear _t.ress and p= is dPnsit,y at. Ihe sllrfacP. Al_o, "1 Ill I i_ ._.rf;we t.emperature,
q= i_ surfRce heRt,.flux m_d ('p is _peeifie hoa! at, cnn_ta.! pre._mlro. I"i.ally, y is
distance from the mlrfacc
We now cJmange independent varial)lcs from y to u. ('onseq.ently, derivatives
transform according to
d d u d "2 d
I,+'_ = ,,,'_ = p,,,,,,T,` (a.7)
With this clmnge of d_'pe.dent variai,h's, w,, replace I';qualions (A.3)-(A.,5)
hy the following.
dT--_[l','r + "'2 + cr'k -
a'_-'_/2 +I :z 4 -_-- 0 (A.9)
p., tl r
d;ta a"d dk d_a to flpTk_
°'d'_u2 + k dudu 4 ,,_" 2 4 -0 (A.10)/9., 14
Integrating Equation (A.8) yields the h,lnperature, and hence Ihe density, aa
a function of velocily and Math numl.,r ba.,._d on I'riclhm w'loHty, 1tL - u./_= ....
l'w p \", / i,,,, ,t_ _+, -t- a-" (A.II)
Next, we a_sume a solution of the form:
pk = I'p,,,u_ (A.12)
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where r is a COl|_lalll Io he deternline(I. _ul)_liLtli.il|g I_(ttlatiolis (A.il) and
(A.12) into Equation (A.9), and noli,k_ th_tt M__ = 2rMT, leadu to lh,_ following
cubic equation for r.
/r II + (_ - J)v,.,r."M;_i'}i '_: I (A.13)
Au can eazily be refilled, whcl| /I,t_ _ l, the a_ynlptotic _iolutioil for l' is
Finally, in terms of r, Equation (A. 10) simplities to
+'" (A.14)
d".) ea dp t)_
",t,, _ p ,1,, ÷ ['' - j_i'_] - 0 (A.15)p_.u _r
Combining Equation_ (A.II) and (A.12) yield_ the density az a function of
w:locity and r.
P.-_.: I -- -L_21l'r,l.M _ [\u, ] + p,,,u,
p l + (7- l)i)r'vu'rM7 (A.16)
Equation (A. 16) _umes a more compact form if we introduce the freestreani
velocity, Uoo. A bit more algehra yield_
where
p_ 1 + ltv- A21,2
p l + (7 - I)Pr,t.a'rM_ (AiT)
o = u/U_ ]
a'-' = _v,.,_mL('l,_/'r,,,) ] (A.I_)
l_ = -V,'.v_,oUoo/(%,'l'_r_)
Using Equation_ (A.I'I), (A.17) a4td (A.18), atad retaining terms up to O(M_),
Equation (A.15) a._unie_ the following form,
,f'wd%-E + __("[ I _ - '_A'% ,I__._1
where the connta,t K, in deflated l)y
' K_(v,j,,,)" ]
_¢3: _ - [(_ - i)V'"_'(:_"- _Ia')"'] M_.+ ...,_ (A.20)
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and _ is K_rm_n'e constant. Ilec_,se t1_/,, >> 1, we rm_ Ii_,, Ihe WEll method
to solve Fquation (A.19). Noting that _ derr, a.qes a.,_,/11_ increases, lhe
asymptotic solution for _v is
~ (: l1 + I_,,- A_]('-_'/°'/4 ex,, [- l_'w,,'/,,,] (^.21)
where C is a constant of integration and u" is defined hy
u" 1 sin_,( 2A_,,-H )V-'_- = A _/ij _ + 44 _ (A.22)
Combining Equation.q (A.2), (A.12) and (A.21), we can relate velocity and
distance from the surface,.
[! - ,i, _ (A23)A_v2](2"H"-1)14exp[h. ,./,,] (.'!I¢ lh,
We integrate by parts to gellerate tl.' ;L_ympl,olir expansion of (,lie integral ill
Equation (A.23) as Uoo/.r -+ o0. Ih'nce,
[I + .,, - A'_q ('+_'/°>/4 ,,_, [I_'_,1,'/,,.]~ i,_(:y
I'u, (A.2.1)
Finally, we set the constant of integration (: = I'u_/( I(,,l,,,, ). 'laking the natural
log of Equation (A.24), we conclude that
u" I (,,,,,_
... _fn + 1t,., (A.25)
u_ K_ \ v,,, /
The quantity /3,, is tile effective "constant" in the law of the wall defined |)y
l (p_(,_..,l.,14B,, = II t- _n -- (A.26)
k'w \ p,,. /
where B is a true constant.
As disru_ed hy Wilcox, 29 the difference l._tween h',.. and II,e KArmAn con-
stant is of no great consequence, llowever, th,' wlrialiol, of II,_. with the de,slty
ratio has a large eifect on both skin fricliot, and the pr,'di('trd law of the wall.
As clearly demonstrated by Wilcox, I"1 the mag;fitude of the power to which
p/p,,, is raised determines the degree of distortion of Ihe vrlorily proflh,. For
example, the Standard k-_ model is equivalent to a k-_ model with ad = 2¢r.
This corresponds to an eXl_onent of 5/4, wl;ih' tile unmodifi_'d k-_ model has
an exponent of 1/4. As shown in Figure A.I, tl,ere is virl,ally n,) distortion of
the compressible law of tile wall when rra = 0. Ily c0ntr;_st, for the rrd = 0.3
and _a = 0.5 cases we have used _ = 0.6 and r_ ==0.5, re._l.,cliw,ly , so that the
correspondi_,g exponents are I/2 and 3/4, resl)ectiw.ly. 'l'l;e figure shows i;;-
creasing distortion of the r()ml)re,_sihh, law or tile wall as rr,t increases. Although
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not sl_own, the k-, modal dt_partb cvcii farthL'r fruJn the c(miprc_ibl_ law of the
wall.
As a iinM conun_nt, if we had writtell the cro_s-dil[usion term as
(:ross diffusion- _,i O(pt_) O_ (A.27)
_gxj O_j
the exponent in I,_quatioij (A.26) would bc reduced to 1/4, iadependent of the
value of _. Tills i-_ true only for the coa_taJ:t-pre_urc case since pk is ap-
proximately eolmtailt ill tht" Iot_ layt:r. Th,.' same at.aLertly:hi earinot l_e mad,:
for boundary layers with nonzero pre_ure gradient, however. A shortage of
Contract funds pr,_cludcd testing thi_ alt.crnative.
3_
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